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Abstract. Let L be a Lie group and A a lattice in L. Suppose G is a non-compact simple Lie group 
realized as a Lie subgroup of L and GA = L. Let a G G be such that Ada is semisimple and not contained 
in a compact subgroup of Aut(Lie(G)). Consider the expanding horospherical subgroup of G associated 
to a defined as = {g € G : a~^ga'^ ^ e as n — > oo}. Let J7 be a nonempty open subset of and 
ni — > oo be any sequence. It is showed that U,^]^a"»f2A — L. A stronger measure theoretic formulation 
of this result is also obtained. Among other applications of the above result, we describe G-equivariant 
topological factors of L/A x G/P, where the real rank of G is greater than 1, P is a parabolic subgroup 
of G and G acts diagonally. We also describe equivariant topological factors of unipotent flows on finite 
volume homogeneous spaces of Lie groups. 
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1 Introduction 

Let G be a connected semisimple Lie group with no compact factors and of M-rank > 2, P a 
parabolic subgroup of G, and T an irreducible lattice in G. It was proved by Margulis | M1 ] 



that if0:G/P— >yisa measure class preserving F-equivariant factor of G/P then there exist 
a parabolic subgroup Q containing P and a measurable isomorphism ip : Y ^ G/Q such that 
tp o (j) \s the canonical quotient map. The topological analogue of this result was obtained by 



Dani |D3|, who proved that, in the above notation, if <j) is continuous then ip can be chosen to be 



a homeomorphism. On the other hand in the result of Margulis was generalized by Zimmer | Z1 ] 
in the measure theoretic category. This result was later used in ||SZ| for describing faithful 
and properly ergodic finite measure preserving G-actions. It was suggested by Stuck Q that 
the following question, which is a topological analogue of Zimmer's result, is of importance for 
studying locally free minimal G-actions. 

Question 1.1 Let G he a simple Lie group ofM-ranky 2. Suppose that G acts minimally and 
locally freely on a compact Hausdorff space X . Suppose there are G-equivariant continuous 

surjective maps X x G/P Y ^ X such that ip o cp is the projection onto X, where G 
acts diagonally on X x G/P. Does there exist a parabolic subgroup Q containing P and a 
G-equivariant homeomorphism p : 1" — > A x G/Q such that pocp is the canonical quotient map? 

The above mentioned result of Dani says that this question has the affirmative answer if 
X = G/r, r being a lattice in G. In this paper we consider the case when G is a Lie subgroup 
of a Lie group L acting on A = L/A by translations, A being a lattice in L. To analyze this 



case we follow the method of the proof of Dani [DS]. To adapt Dani's proof for the general case 



one needs the following theorem which is a nontrivial generalization of its particular case of 
L = G (cf. ||D3| , Lemma 1.1]). Its proof involves, in an essential way, Ratner's theorem [ |Ral ] on 



classification of finite ergodic invariant measures of unipotent flows on homogeneous spaces. 

For the results stated in the introduction, let L denote a connected Lie group, A a lattice in 
L, IT : L ^ L/A the natural quotient map, and fi^ the (unique) L-invariant probability measure 
on L/A. 



Theorem 1.1 Let G be a connected semisimple Lie group. Let a £ G he a semi-simple element; 
that is, Ad(a) is a semi-simple endomorphism of the Lie algebra of G. Consider the expanding 
horospherical subgroup of G associated to a which is defined as 

f/"*" = {u G G : a^'^ua^ ^ e as n ^ oo}. 

Assume that [/"*" is not contained in any proper closed normal subgroup of G. 
Suppose that G is realized as a Lie subgroup of L and that vr(G) = L/A. Then 



vr (U~^ia'^C/+) = L/A. 



In particular, if P is any parabolic subgroup of G and vr(G) = L/A, then 7r(P) = L/A. 



In the case of L = G this result is well-known (see PR , Prop. 1-5]). Actually theorem LI 



IS a 



straightforward consequence of a technically much stronger result stated later in the introduction 



as theorem 1.4 



Using the techniques of |D3| along with theorem 1.1 and the result of Ratner [Ra2] on closures 
of orbits of unipotent flows on finite volume homogeneous spaces, in the next result we provide 
an affirmative answer to Question LI in case when X = L/A. 
certain other conditions in the question as well. 



In this case we are able relax 



Theorem 1.2 Let G be a semisimple Lie group o/M-rank > 2 and with finite center. Suppose 
that G is realized as a Lie subgroup of L such that the G-action is ergodic with respect to ^l, 
and that Gix = Gx for any x € L/A and any closed normal connected subgroup Gi of G 
such that R-rank(G/Gi) < 1. Let P be a parabolic subgroup of G and consider the diagonal 
action of G on L/A x G/P. Let Y he a Hausdorff space with a continuous G-action and 
(j) : L/A X G/P Y a continuous G-equivariant map. Then there exist a parabolic subgroup 
Q D P, a locally compact Hausdorff space X with a continuous G-action, a continuous surjective 
G-equivariant map (pi : L/A X, and a continuous G-equivariant map ijj : X x G/Q Y such 
that the following holds: 

1. If we define p : L/A x G/P X x G/Q as p{x,gP) = {(f)i{x),gQ) for all x e L/A and 
g (z G, then 

(j) = ip o p. 

2. There exists an open dense G-invariant set Xq (Z L/A such that if we put Zq = (/)i(Xo) x 
G/Q and Yq = tP{Zq), then Zq = V'~^(^o) cif^d ip\zo is infective. 

Furthermore if Y is a locally compact second countable space and (/) is surjective, then Yq 
is open and dense in Y and ip\zo is a homeomorphism onto Yq. 

In the next result we classify the G-equivariant factors of L/A, in particular we describe the 
factor : L/A ^ X appearing in the statement of theorem |1.2[ The proof of this result uses 
the theorem of Ratner on orbit closures of unipotent flows and the main result of [ |MS[ . 

Definition 1.1 Let Ai be a closed subgroup of L. A homeomorphism r on L/Ai is called an 
affine automorphism of L/Ai if there exists a G Aut(L) such that T{gx) = a{g)T{x) for all 
X G L/A\. The group of all affine automorphisms of L/A\ is denoted by Aff(L/Ai). It is 
endowed with the compact-open topology; i.e. its open subbase consists of the sets of the form 
{r G Aff(L/Ai) : t(C) C C/}, where C is a compact subset of L/Ai and LJ is an open subset of 
L/Ai. 
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Remark 1.1 (1) Aff(L/Ai) is a locally compact topological group acting continuously on L/Ai. 
(2) If 0" € Aut(L) is such that (t(Ai) = Ai and if 5 € L, then the map r on L/Ai defined by 
r(/iAi) = ga{h)Ai for all /i G L is an affine automorphism. (3) Let A'^ be the maximal closed 
normal subgroup of L contained in Ai. Define L = L/A'^ and Ai = Ai/A'^. Then we have 
natural isomorphisms L/A = L/Ai and Aff(L/Ai) = Aff(L/Ai). 



Theorem 1.3 Let G be a subgroup of L which is generated by one-parameter unipotent sub- 
groups of L contained in G. Suppose that G acts ergodically on L/A. Let X be a Hausdorff 
locally compact space with a continuous G-action and (p : L/A ^ X a continuous surjective 
G-equivariant map. Then there exists a closed subgroup Ai containing A, a compact group K 
contained in the centralizer of the subgroup of translations by elements of G in Aff(L/Ai), and 
a G-equivariant continuous surjective map ip : K\L / Ai — > X such that the following holds: 

1. If p ■ L/A — > K\L/ Ai is defined by p{gA) = K{gAi), y g G L, then p is G-equivariant and 

(j) = ijj o p, 

2. Given a neighbourhood Q of e in Zl{G), there exists an open dense G -invariant subset Xq 
of L/ A\ such that for any x G Xq and y G L/Ai if il){K{x)) = il){K{y)) then y G K{Vtx). 
In this situation, further if Gx = L/A\, then K{y) = K{x). 

The above description of topological factors of unipotent fiows is also of independent interest. 



The measurable factors of unipotent flows were described by Witte |W]. 



The next result is an immediate consequence of theorems 1.2 and 1.3 



Corollary 1.1 Let L be a Lie group, A a lattice in L, and G a connected semisimple Lie group 
with finite center, realized as a closed subgroup of L. Suppose that the action of Gi on L/A 
is minimal for any closed normal subgroup Gi of G such that R-rank(G/Gi) < 1. Let Y be a 
locally compact Hausdorff space with a continuous G-action, P a parabolic subgroup of G, and 
<j) : L/A X G/P — > y a continuous surjective G-equivariant map, where G-acts diagonally on 
L/A X G/P. Then there exist a parabolic subgroup Q of G containing P, a closed subgroup Ai 
of L containing A, and a compact group K contained in the centralizer of the image of G in 
Aff(L/Ai), such that Y is G-equivariantly homeomorphic to (K\L/Ai) x (G/Q) and (/) is the 
natural quotient map. 



In particular if, as in question Ll, there exists a map ip : Y ^ L/ A such that if) o (j) is 
the projection on the first factor, then Ai = A and K is trivial. Hence Y is G-equivariantly 
homeomorphic to L/A x G/Q and (f) is the natural quotient map. 

For the purpose of other applications, we obtain stronger a measure theoretic version of 



theorem 1.1. Before the statement, we recall some definitions. 

For any Borel map T : X — > y of Borel spaces and a Borel measure A on X, the Borel 
measure r*A defined by T^X{E) = X{T-^{E)), for all Borel sets E cY,is called the image of A 
under T. 

For any Borel measure p on L/A and any g L, the translated measure g ■ p on L/A is the 
image of p under the map x ^ gx on L / A. 

On a locally compact space X, for a sequence {pi} of finite Borel measures and p a finite 
Borel measure, we say that pi ^ p as i ^ 00, if and only if for all bounded continuous function 
/ on Ix f '^l^i ^ /x / c^/^ as i ^ 00. 

Notation 1.1 Let G be a connected semisimple real algebraic group. Let A be an R-split torus 
in G such that the set of real roots on A for the adjoint action on the Lie algebra of G forms a 
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root system. Fix an order on this set of roots and let A be the corresponding system of simple 
roots. Let be the closure of the positive Weyl chamber in A. Let {ajjiGN be a sequence in 
such that for any a G A, either supjgj^ a(oi) < cxo or a{ai) ^ oo as i ^ oo. Put 

= {g G G : ai^^gui — > e as i — > oo}. 



Theorem 1.4 Consider the notation lA. Assume that is not contained in any proper closed 
normal subgroup of G. Suppose that G is realized as a Lie subgroup of L and that tt{G) is dense 
in L/K. Then for any probability measure A on which is absolutely continuous with respect 
to a Haar measure on , 

Oi ■ 7r*(A) fiL, as i ^ oo. 
In other words, for any bounded continuous function f on L/A, 



lim / f{aiTr{uj))dX{LL!)= / f dfii- 
i^ooJu+ J L/A 

In particular, for any Borel set Q of having strictly positive Haar 



measure, 



y ai- 7r{n) = L/A. 

Using this theorem we obtain the following generalization of a result due to Duke, Rudnick 
and Sarnak | DRS[| ; their result corresponds to the case of L = G. First we need a definition. 



Let G be a semisimple Lie group. A subgroup S of G is said to be symmetric if there 
exists an involution o" of G (i.e. cr is a continuous automorphism and o"^ = 1) such that 
S = {g £ G : cr{g) = g}. For example, any maximal compact subgroup of G is a symmetric 
subgroup, for it is the fixed point set of a Cartan involution of G. 

Corollary 1.2 Let G be a connected real algebraic semisimple Lie group realized as a Lie sub- 
group of L, S the connected component of the identity of a symmetric subgroup ofG, and {gi}i<^n 
a sequence contained in G. Suppose that vr(S') is closed and admits an S-invariant probability 
measure, say ^s- Also suppose that 7r(Gi) is dense in L/A, for any closed normal subgroup 
Gi of G such that the image of {gi} in G/{SGi) admits a convergent subsequence. Then the 
sequence of measures gi ■ fis converges to ^l; that is, for every bounded continuous function f 
on L/A, 

lim / f{gix)dfis{x)= / f dfiL- 
In the case of L = G, Eskin and McMullen [EM] gave a proof of this result using the mixing 



property of geodesic flows. The main technical observation in their proof is what they call 'a 
wave front lemma'. In the general case of L D G, our analogue of the wave front lemma is 



theorem 1.4. 



Using the arguments of the proof of corollary 1.2, one can also deduce the following result 



from theorem 1.4. 



Corollary 1.3 Let G be a connected real algebraic semisimple group realized as a Lie subgroup 
of L. Let {gi} be a sequence in G. Suppose that 7r(Gi) is dense in L/A for any closed normal 
subgroup Gi of G such that the image of {gi} in G/G\ admits a convergent subsequence. Then 
for any Borel probability measure X on G which is absolutely continuous with respect to a Haar 
measure on G, 

gi'^*{X) ^ fJ^L as i ^ oo. 
In particular, for any Borel set Q of G having strictly positive Haar measure, 



U gi ■ n{n) = L/A. 
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Using the method of our proof, one can also obtain the uniform versions of theorem L4 and 
corollary 1.2 which are similar to |EMM, Theorems 4.3-4]. 

The the main result of this paper is theorem |1.4| and other results (except theorem |1.3| ) 
are derived from it. The main steps of its proof are as follows. First suppose that the set of 
probability measures {oj • 7r,,(A) : i G N} is not is not relatively compact in the space of all 



probability measures on L/A. Using an extension of a result of Dani and Margulis |DM2], in 
section 2 we see that there exist a nonempty open set Q C , a finite dimensional representation 
V of L, a discrete set {vj : i € N} C V, and a compact set K CV such that that ajO- Vj C K for 
infinitely many z € N. Via some elementary observations about representations of semisimple Lie 
groups, in section 5 we show that the conditions mentioned above lead to a contradiction when 
we restrict the representation to G. Now let a probability measure /i be a limit distribution of 
the sequence {oj • 7r*(A)}. We observe that /u is [/^-invariant. Using Ratner's [ Ral ] description 



of finite measures on L/A which are ergodic and invariant under the action of a unipotent 
subgroup, in section 3 we conclude that either ^ = or /i is nonzero when restricted to the 
image under tt of some strictly lower dimensional 'algebraic subvariety' of L. Using techniques 
developed in pMl| , gh^, pM3| , p^ , in section 4 we see that in the later case the above type 
of condition on a finite dimensional representation of L must hold, and this again leads to a 
contradiction. Thus ^ = and hence /i/, is the only limit distribution of {aj • /^n}. 



2 A condition for returning to compact sets 



In [ DM2| ] Dani and Margulis proved that large compact sets in finite volume homogeneous spaces 
have relative measures close to 1 on the trajectories of unipotent flows which originate from a 



fixed compact set. This result was generalized in | EMS1 | to a larger class of higher dimensional 
trajectories. In these results one considered only the case of arithmetic lattices in algebraic 
semisimple Lie groups defined over Q. Here we modify them to include the case of any lattice 
in any Lie group. 

Notation 2. 1 Let G be a Lie group and g the Lie algebra associated to G. For d, m G N, let 
'Pd,m{G) denote the set of continuous maps : M™" G such that for all c, a G and X € g, 
the map 

t G M Ad o Q{tc + a)(X) G g 

is a polynomial of degree at most d in each co-ordinate of g (with respect to any basis). 
We shall write Vd{G) for the set Vd,i{G). 



Theorem 2.1 (Dani, Margulis) Let G he a Lie group, T a lattice in G, and tt : G ^ G/T 

the natural quotient map. Then given a compact set G C G/T, an e > 0, and a d G N, there 
exists a compact subset K C G/T with the following property: For any G Vd,m{G) and any 
hounded open convex set B C M™, one of the following conditions hold: 

1. (l/z^(-B))z^({t G B : 7r(0(t)) G K}) > 1 — e, where v denotes the Lehesgue measure on W^. 

2. ^(e(5))nc = 0. 



Proof. See | Sh2 , Theorem 3.1]. □ 
The usefulness of the above result is enhanced by the following theorem which provides an 
algebraic condition in place of the geometric condition 7r(0(i?)) n C = 0. 

Notation 2.2 Let G be a connected Lie group and g denote the Lie algebra associated to G. 
Let Vg = e^r/ g, the direct sum of exterior powers of g, and consider the linear G-action 
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on Vg via the representation ®;™® A Ad, the direct sum of exterior powers of the adjoint 
representation of G on g. 

Fix any EucHdean norm on q and let B = {ei, . . . , edimg} denote an orthonormal basis of g. 
There is a unique EucHdean norm || • || on Vg such that the associated basis of Vq given by 

{ejj A • • • A e/^ : 1 < ^1 < . . . < < dimg, r = 1, . . . ,dimg} 

is orthonormal. This norm is independent of the choice of B. 

To any Lie subgroup W of G and the associated Lie subalgebra tr of g we associate a 
unit-norm vector pi^ e A'^^^tr G Vg- 



Theorem 2.2 (Cf. |DM2[1 ) Let G be a connected Lie group, T a lattice in G, and tt : G ^ G/T 

the natural quotient map. Let M be the smallest closed normal subgroup ofG such that G = G/M 
is a semisimple group with trivial center and without nontrivial compact normal subgroups. Let 
q : G ^ G be the quotient homomorphism. Then there exist finitely many closed subgroups 
Wi, . . . , Wr of G such that each Wi is of the form q~^{Ui) with Ui the unipotent radical of a 
maximal parabolic subgroup of G, 'Tr{Wi) is compact and the following holds: Given d, m G N 
and reals a,e > 0, there exists a compact set C C G/T such that for any B G Vd^miG), and a 
bounded open convex set B C M™, one of the following conditions is satisfied: 

1. There exist 7 G T and i G {1, ... , r} such that 

sup ||6(t)7 • pivJI < a. 



2. 7r(G(i?)) n C 7^ 0, and hence condition (1) of theorem 2.1 holds. 



Proof. Let R be the radical of G, C the maximal connected compact normal subgroup of G/R, 
S = {G/R)/C and Z the center of S. Note that S is a semisimple Lie group without proper 
compact connected normal subgroups. Clearly S/Z = G/M. Therefore M is the inverse image 
of Z in G. 

Let H = RT . Then HT is closed and R F is a lattice in H (see Lemma 1.7]). By 
Auslander's theorem Theorem 8.24] H is solvable, and so is its image in S. By Borel's density 
theorem [^, Lemma 5.4, Corollary 5.16] the image is a normal subgroup of S and therefore it 
has to be trivial. Hence H C M^, and since R C H, M^/H is compact. Since H is solvable, by 
Mostow's theorem |^, Theorem 3.1] H/{H n F) is compact. Therefore M^/H n F is compact. 
So M^F/F is compact and M^T is closed. 

Therefore the image A of F in 5 is discrete, and hence a lattice in S. Therefore by Borel's 
density theorem Corollary 5.18] ZA is discrete. Hence A is of finite index in ZA and hence 
M^T is of finite index in MF. Hence MF/F is compact, i.e. 7r(M) is compact. 

Thus F = q{T) is a lattice in G and the fibers of the map q : G/T — > G/T are compact 
M-orbits. Therefore without loss of generality, we may assume that G = G. 
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Then there are finitely many normal connected subgroups Gi, . . . ,Gr of G such that G = 
Gi X ■ ■ ■ X Gr and each = fl F is an irreducible lattice in Gi (see Sect. 5.22]). In 
proving the theorem without loss of generality we may replace F by its finite-index subgroup 
Fi X • • • X Tf In order to prove the theorem for G, it is enough to prove it for each Gi separately. 
Thus without loss of generality we may assume that F is an irreducible lattice. 

The result in the case of M-rank(G) = 1 can be deduced from the arguments in |D2| , (2.4)]. 

Next suppose that M-rank(G) > 2. Then by the arithmeticity theorem of Margulis [ [M2[ ], F is 
an arithmetic lattice. Therefore there exist a semisimple algebraic group G defined over Q and a 
surjective homomorphism p : G(M)'^ G with compact kernel such that, for A = G(Z)nG(M)'^, 
the subgroup F fl p{A) is a subgroup of finite index in both F and /o(A). Again without loss of 



generality we may replace G by G(M)° and F by A. In this case the result follows from [[EMS1| 



Thm. 3.6]. □ 

3 Description of measures invariant under a unipotent flow 

In this and the next section, let G denote a Lie group, F a lattice in G, and tt : G ^ G/T the 
natural quotient map. 

A subgroup [/ of G is called unipotent if Adn is a unipotent endomorphism of the Lie algebra 
of G for every u € U. 

Let TCr denote the collection of all closed connected subgroups H oi G such that (1) H D F, 
(2) H/H n F admits a finite //-invariant measure, and (3) the subgroup generated by all one- 
parameter unipotent subgroups of H acts ergodically on H/HDT with respect to the //-invariant 



probability measure. In particular, the Zariski closure of Ad(// fl F) contains Ad(//) (see [3hl 
Theorem 2.3]). 



Theorem 3.1 ( |Ral , Theorem 1.1]) The collection TCr is countable. 



Let be a subgroup of G which is generated by one-parameter unipotent subgroups of G 
contained in W. For any H € TYr, define 

Ng{H,W) = {geG:W CgHg-^}, 
Sg{H,W) = U Ng{H',W). 

divaH' <dimH 

Note that (see Lemma 2.4]), 

7r(iVG(//, W) \ Sg{H, W)) = tt{Ng{H, W)) \ 7r{SG{H, W)). (1) 
We reformulate Ratner's classification [|Ral| of finite measures which are invariant and ergodic 



under unipotent fiows on homogeneous spaces of Lie groups, using the above definitions (see |MS| , 
Theorem 2.2]). 

Theorem 3.2 Let W be a subgroup as above and p a W -invariant probability measure on G/T. 
For every H € TLt, let fiH denote the restriction of p on tt{Ng{H, W) \ SGiH, W)). Then the 
following holds. 

1. The measure p.H is W -invariant, and any W -ergodic component of pn is of the form g ■ X, 
where g G Ng{H, W) \ Sg{H, W) and X is a H -invariant measure on HT/T. 

2. For any Borel measurable set A C G/T, 

/"(^)= E I'HiA), 
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where Ti^ C TYr is a countable set consisting of one representative from each T-conjugacy 
class of elements in Tir ■ 

In particular, if fj,{Tr{S{G,W)) = then ^ is the unique G-invariant probability measure on 

G/r. 

4 Linear presentation of G-actions near singular sets 

Let G C ■k{Ng{H,W) \ Sg{H,W)) be any compact set. It turns out that on certain neighbor- 
hoods of C in G/r, the G-action is equivariant with the hnear G-action on certain neighbour- 
hoods of a compact subset of a hnear subspace in a finite dimensional hnear G-space. We study 
unipotent trajectories in those thin neighbourhoods of G via this hnearisation. This type of 
technique is developed in ([ pMl| , IShlj |DM3| , |h|, |EMS2a 

Let Vg be the representation of G as described in notation 2^. For H € TCr, let rjn '■ G —>■ Vg 
be the map defined by rjnig) = gPH = (A'^Ad5)pj^ for all g ^ G. Let Ng{H) denotes the 
normaliser of H in G. Define 



N^{H) = m~\PH) = {<? G Ng{H) : det(Ad5|^) = 1}. 



Proposition 4.1 (| DM3| , Theorem 3.4]) The orbit T ■ pn is closed, and hence discrete. In 
particular, the orbit Nq(H)T /T is closed in G/T. 

Let be a subgroup which is generated by one-parameter unipotent subgroups of G con- 
tained in W. 



Proposition 4.2 (|DM|, Prop. 3.2]) Let Vg{H,W) denote the linear span of r]{NG{H,W)) in 
Vg ■ Then 

Vh~HVg{H,W)) = Ng{H,W). 



Theorem 4.1 Let e > 0, d,m £ N, and a compact set C C tt{Ng{H, W) \ Sg{H, W)) be given. 
Then there exists a compact set D C Vg{H,W) such that given any neighbourhood ^ of D in 
Vg, there exists a neighbourhood of G in G/T such that for any € Vd,miG), and a bounded 
open convex set B C , one of the following conditions is satisfied: 

1. @{B)^ ■ ph C <!> for some 7 G F. 
2. 

^ zy({t G B : e(t)F/F G ^}) < e. 



u{B) 

Proof. The result is easily deduced from |Sh2, Prop. 5.4]. See also the proof of [3h2, Thm. 5.2]. 

□ 

Some related results on unipotent flows 

We recall a theorem of Ratner Ra2| ] on closures of individual orbits of unipotent flows. 



Theorem 4.2 (Ratner) Let G, F and W be as above. Then for any x G G/T, there exists a 
closed subgroup F of G containing W such that Wx = Fx and the orbit Fx admits a unique 
F -invariant probability measure, say ^p- Also is W -ergodic. 

Next we recall a version of the main result of 1M 
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Theorem 4.3 ( [^Isj ) Let X G G/T , and sequences {Fi} of closed subgroups of G and Qi ^ e 
in G he such that each of the orbits Fi[gix) is closed, and admits an Fi-invariant probability 
measure, say fii. Suppose that the subgroup generated by all unipotent one-parameter subgroups 
of G contained in Fi acts ergodically with respect to ^i, \ti E N. Then there exits a closed 
subgroup F of G such that the orbit Fx is closed, and admits a F -invariant probability measure, 
say fj,, and a subsequence of {fn} converges to /i. 

Moreover if ^ ix as i oo, then gc'^Figi C F for all large i G N. 

5 Some results on linear representations 



In view of the proposition 4.1, in order to obtain further consequences when either condition 1 



of theorem 2.2 or condition 1 of theorem 4.1 holds for a sequence {Qi} C Vd,m{G), the following 



elementary result is very useful. 

Linear actions of Unipotent subgroups 

Lemma 5.1 Let V be a finite dimensional real vector space equipped with a Euclidean norm. 
Let n be a nilpotent Lie subalgebra o/End(y). Let N be the associated unipotent subgroup of 
Aut(y). Let {bi, . . . ,bm} be a basis of n. Consider the map : — > defined as 

Q{ti, ... ,tm) = exp(tmbm) • • • exp(tibi), V(ti, ... ,tm) e M"". 

For p > 0, define 

Bp = {G(ti,... ,tm) ■Q<tk< p,k = l,... ,m}. 

Put 

= {v G F : n • V = V, Vn G N}. 

Let pr^^ denote the orthogonal projection on W . Then for any p > 0, there exists c > such 
that for every v G 

||v|| < c • sup ||pr^y(0(t) • v)||. 

Proof. For k = 1, . . . , m, let G N be such that b^*" = 0. Let 

I = {I = (n, . . . ,im) ■0<ik <nk-l, k = l,... ,m}. 
For t = (ti, . . . , tm) G M™ and / = (ii, . . . , im) G I, define 

=t^... t\' and b^ = ^. 

Zm! • • • ^l! 

Then for all v G y and t G M™, we have 

e(t).v = 5:t^.(bM. (2) 

We define a transformation T -.V ^ ®i^iW by 

T(v) = (pr^(b^.v))^^^, VvGK (3) 

We claim that T is injective. To see this, suppose there exists v G ^ \ {0} such that T(v) = 0. 
Then N ■ w d W^, the orthogonal complement of W. Hence W-^ contains a nontrivial N- 
invariant subspace. Then by Lie-Kolchin theorem, W-^ contains a nonzero vector fixed by A^. 
Then W n W-^ ^ {0}, which is a contradiction. 
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We consider (Bi<ziV equipped with a box norm; that is 

||(t'/)7'ex|| = sup \\vi\\, where vi € y, V/ G I. 

Since T is injective, there exists a constant ci > such that 

||v|| < ci • ||r(v)||, VvGF. 

For ah k = 1, . . . ,m, and = 1, . . . ,71^, fix < t^^i < • • • < tfc,rn. < P and put = 
) for = 1, . . . , m. Then detMi, is a Vandermonde determinant and 

hence is invertible. 
Let 

J = {J = (ji, • • • ,jm) ■ I < jk < rik, k = I, . . . ,m}. 
For J = {ji,... Jm) ^ J, put 

t J = , . . . , tm,j^ ) and M = (t^) ^ 
Take v G 1/. Put 

Xj = r(v) and = {prwmj)^))jej ■ 

Then by equations ^ and ^, 

M-Xj = Yj. 

Since M = Mi ® ■ ■ ■ ® Mm and each M^ is invertible, we have that M is invertible. Hence 

Xx = • Yj. 

Put C2 = IIM^"*^!! and c = C1C2. Then 

llvll <ci||r(v)|| =ci||Xi|| <ciC2||y7|| =c-sup|lprvK(e(tj)v)||. 

J&J 

This completes the proof. □ 

Linear actions of semisimple groups 

We fix the following setup for the rest of this section. 



Notation 5.1 Consider the notation 1.1. Put 



$ = {a G A : a(aj) — > 00 as i — > 00}. 

Let be the standard parabolic subgroup associated to the set of roots A \ Then = 
{g (z G : ai~^gai — > e as i — > 00} is the unipotent radical of P^. Let P~ denote the standard 
opposite parabolic subgroup for P+ and let U~ be the unipotent radical of P~ . Note that 



P = {g ^ G : {aigai ^ : i G N} is compact}. (4) 

Also put Z = P^ n P^ . Then P^ = Z. Let g, u^, 3, and u+ denote the Lie algebras 
associated to G, U~, Z, and U^, respectively. Then 

= u"e3eu+. (5) 
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Lemma 5.2 Consider a continuous nontrivial irreducible representation of G on a finite di- 
mensional normed vector space V . Let W = {v £ V : W ■ v = v}. Let {vj} CW be a sequence 
such that infigN > 0. Then 

■ Vj|| — > oo as i ^ oo. 

Proof. Since A is M-split, there is a finite set A of real ctiaracters on A such that for each A G A, 
if we define 

Vx = {yr eV : a-v = A(a)v, Va G A}, 
then V = ©AeA^A- After passing to an appropriate subsequence, if we define 

A+ = {A G A : A(aj) — > oo as « ^ 00} 

A_ = {A G A : A(aj) — > as z — > 00}, and 

Ao = {A G A : \{ai) — > c for some c > as i ^ 00}, 

then A = A+ U Ao U A_. 

Since is normahzed by A, we have that W is invariant under the action of A. Therefore 

W = (BxeA{WnVx). 

Suppose that there exists w G n Vx \ {0} for some A G Aq U A_. For any g G P~ , we have 
<ii9<ii~^ 9o for some go G P~ . Therefore as i — > 00, 

ai{gw) = aigai~^ (aiw) c{gQw) for some c > 0. 

P^U^ is open in G. Therefore 
G-w C ©agAouA-^a- Since V is irreducible, A = AoUA_. Now since G is semisimple, detg = 1 
for all (7 G G and hence A_ = 0. Thus A = Aq. 

Now for any relatively compact neighbourhood 0, of and any v G Vx, there exists a 
compact ball B CV such that for all i G N, 

B D Oift ■ V = {aiftai'~^)ai ■ v = A(aj)(ajilaj^^)v. 

Since A(aj) — > c for some c > and UiQ^aiQai~^ = we have U'^ ■ v C c~^B. Since acts 
on V by unipotent linear transformations, we obtain that [/"*" • v = v. Thus acts trivially 
on V. Since the kernel of G action on y is a normal subgroup of G containing it is equal 
to G by our assumption. This contradicts our hypothesis in the lemma that the action of G is 
nontrivial. This proves that W C J2\eA+ ^^'^ conclusion of the lemma follows. □ 

Corollary 5.1 Consider a continuous representation of G on a finite dimensional vector space 
V with a Euclidean norm. Let L = {v V : G ■ v = v}. Let {vj} be a discrete subset of V 
contained in V \L. Then for any nonempty open set C , 

sup ||aju; • Vj|| ^ 00 as i ^ 00. (6) 

Proof. Let L' be the sum of all G-invariant irreducible subspaces of dim > 2. After passing to a 
subsequence, one of the following holds: 

(A) ||pr^(vi)|| ^00, or (B) inf ||pri,(vi)|| > 0. 

If (A) holds then equation ^ is obvious. If (B) holds, then there exists an irreducible G-subspace 
Vi C L' such that infjgN ||pi'v'i(vi)|| > 0. Therefore, without loss of generality, by replacing {vj} 



Hence P w C ©AeAouA_ Va- Now U^w = w and by notation 5.1 
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by {pi'Vi('^i)} s-'^d ^ by Vi we may assume that G acts nontrivially and irreducibly on V and 
infjgN ||vj|| > 0. 

Let ujQ G Q. Then infjgfj Ili^oVill > 0. Therefore replacing {vj} by {ujQVi} and by iltJo"^) 
we may assume that e & Q. 

Let W = {v gV : U"^ ■ v = v}. By lemma 5.1, there exists c > such that for all i € N, 

sup ||priy(a; • Vj)|| > c||vj|l > c • inf |jv/' 



Since infjgpj ||v, |[ > 0, by lemma 5.2, 



sup \\ai ■ wvill > sup \\ai ■ pr^(u; • Vj 



oo 



as z ^ oo. 



□ 



6 Proofs of the main results 

Translates of horospherical patches 

Proof of theorem U 



Since U'^ is fi-compact, without loss of generality we may assume that supp(A) is compact. Let 
u+ denote the Lie algebra of . We identify u"^ with (m = dimu"*"). Let S be a ball in 
u"^ around the origin such that supp(A) C exp(i3). Let u be the restriction of the Lebesgue 
measure on B. By our hypothesis, A is absolutely continuous with respect to exp^(z^), denoted 
by A < exp^(i/). 

For each i G N, define 9^ : M"" ^ G C L as 9^(1) = exp(t), Vt e M*^ ^ u+. Since u+ is a 
nilpotent Lie algebra, there exists d € N such that 9^ G 'Pd,miL), G N. 

Claim 6.1 Given 5 > there exists a compact set K C L/A such that 

{ai7T4X)){K) > 1 - 6, ViGN. 

Suppose that the claim fails to hold. Since A <C exp^(z^), there exists an e > such that for 
any compact set K C L/A, 

{@i)^{i'){K) < 1 — e, for i in a subsequence. 



We apply theorems p.l| and |2.2| for the Lie group L, the lattice A, and the polynomial maps 9^ G 
'Pd,m{L), Mi G N. Then by passing to a subsequence, there exists a continuous representation of 
L on a finite dimensional vector space V with a Euclidean norm and a nonzero vector p G 1^ 
such that the following holds: (1) the orbit F ■ p is discrete (see proposition 4.1), and (2) for 
each z G N there exists Vj G F • p such that 

sup lloju; • Vj|| — > as « — > oo. (7) 

a;Gcxp(B) 

After passing to a subsequence, we may assume that G • Vj 7^ Vj, Vi G N. Then corollary 
contradicts equation ^. This proves the claim. 

By claim 3J, after passing to a subsequence, we may assume that the sequence ai-7r*(A) — > ^ 
as i ^ 00, where /i is a probability measure on L/A. 

Claim 6.2 The measure /i is -invariant. 
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To prove the claim, let u G U^. Then for all i G N, 

u(aj7r^(A)) = ai{uiTT^{X)) = aj7r*(uiA), (8) 

where Ui = ai~^uai G [/"*". Note that — > e as i — > oo. 

Let r/ be a Haar measure on U~^. Since A <C ?7, there exists h £ L^{U, rj) such that dX = h drj. 
Now for any bounded continuous function / on L/A, 

|//ci[ai7r*(uiA))] - / / <i[aj7r*(A)] | 
= !/[/+ /(ai^(''^i^))c?A(a;) - /^+ /(aj7r(a;)) dA(a;)| 

= l/c7+ f{ai7r{uiuj)h{uj) dr]{uj) - f{aiTT{uj))h{u)) dri{u))\ (9) 
= !/[/+ /(aivr(a;))/i(ni"iw) (ir/(w) - /^+ f{aiTT{uj))h{u)) dr]{u))\ 
< sup I/I • \h{ui^^uj) — h{uj) \ dr]{uj) —^0 as i — > oo, 

because the left regular representation of of on ([/+,?]) is continuous. 

Since aj7r*(A) — > /x as i — > oo, by equation |9|, we get aj7r^,(ujA)) fi as i ^ oo. Therefore by 
equation ^, ufi = fi. This completes the proof of the claim. 



In view of claim S.2, we apply theorem to W = U~^. Then there exists a closed subgroup 
H of L in the collection Ha, such that 

Ii{^{Sl{H, [/+)) = and fi{7r{NL{H, U+))) > 0. 

Let a compact set C C it{Nl{H,U^))\tt{Sl{H,U^)) be such that n{C) > 0. Since A <C exp^(z^), 
there exists e > such that for any Borel measurable set E C , 

^ ■ exp,(z.)(^) < e ^ X{E) < /x(C)/2. (10) 



Let the finite dimensional vector space and the unit vector G Vl be as described in 



notation |2.2| , for L in place of G there. We apply theorem |4.l| for e > 0, d G N, and m G N 
chosen as above, and the compact set C C tt{Ni{H, U^)) \ tt{Sl{H, U^)) as above. Then there 
exists a relatively compact set ^ cVl and an open neighbourhood ^' of C in L/A such that for 
each z G N, applying the theorem to Gj in place of Q, one of the following conditions holds: 

1. There exists Vj G A • pn such that 

Oj exp(i?) • Vj C 

2. 

i/({t G B : 7r(aj exp(t)) G ^'}) < e. 



Since ai7r^,(A) — > /i as i ^ oo and is a neighbourhood of C, there exists ?o £ N such that 
A(7r~^(aj~^^) n > fj,{C)/2 for all z > zq. Therefore by equation IC, condition 1 must hold 



for all i > iQ. Now by passing to a subsequence, there exists Vj G A • p^^ for each i G N such that 

aiexp(5) • Vj C (11) 



By proposition 4T, the sequence {vj} is discrete. By corollary 5A and equation 11, there exists 
^o G N such that G ■ Vj^ = Vj^ . Let 7 G A such that Vj^, = 'ypn ■ Then 

G • 7 • p/f = 7 • PH- 

Thus G C 'yN\{H)^~^ . But TT{Nj^{H)) is closed in L/A by proposition |4.l| , and tt{G) is dense 
in L/A. Therefore we conclude that H is a normal subgroup of L. Since Nl{H, U^) D C 7^ 0, 
this implies in particular that is contained in H. Thus C G f] H and G H is normal 
in G. Therefore by our hypothesis G (1 H = G, 01 m other words G C H. Again since vr(G) is 



dense in L/A, we have H = L. Therefore /i(7r(5(L, U^))) = 0. Hence by theorem 3.2, we have 



that is L-invariant. This completes the proof of the theorem. □ 
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Translates of orbits of symmetric subgroups 

First we make some observations. For the results stated below, let (U, i^i) and {V, 1^2) be locally 
compact second countable spaces with Borel measures. 

Proposition 6.1 Let X be a Borel probability measure onU xV which is absolutely continuous 
with respect to vi x 1^2, denoted by X <^ ui x 1/2. Then there exists a probability measure Xi <^ ui 
on U , and for almost all u G ([/, Ai), there exists a probability measure Xu <^ SuX V2 on {u} x V , 
where 5^ is the point mass at {u}, such that the following holds: For any bounded continuous 
function f on U x V , the map u ^ !{u}y.v f ^"^u is Xi -measurable, and 




Proof. Let h = dX/d{i'i x U2) > be the Radon-Nikodym derivative. For any u & U, put a{u) = 
Jy h{u, v) di>2{v). Let C = {u & U : a{u) > 0}. Let Ai be the restriction of vi to C. For almost 
any u € {U, Ai), let A^ be the Borel measure on {u} x V such that dXu/d[6u x 1/2] = h{u, •)/a{u). 
Now the conclusion of the proposition follows from Fubini's theorem. □ 
For the propositions stated below, let G be a locally compact topological group acting con- 
tinuously on a locally compact space X. Let {oj} be a sequence in G and fi a Borel probability 
measure on X. 

Proposition 6.2 Let X be a probability measure on X such that aiX n as i ^ 00. Let b ^ G 

such that {aibtti^^ : i £ N} is compact. If n is G-invariant, then ai(bX) ^ fi as i ^ 00. 

Proof. First observe that there is no loss of generality in passing to a subsequence. Therefore 
we may assume that aibai~^ — > g for some g G G. Now 

ai{bX) = {aibai~^){aiX) ^ gfi as i ^ 00. 

Since gn = the proof is complete. □ 
For the next two propositions, assume that G contains the spaces U and V. Fix xq G X, 
and \et p : U X V ^ X he the map given by p{u, v) = uvxo, V(ii, v) (^U x V. 

Proposition 6.3 Let the notation be as in proposition \6. l\ . Suppose that for almost all u G 
([/, Ai), we have aip^{Xu) p as i ^ 00. Then aip^{X) p as i ^ 00. 

Proof. Let / be bounded continuous function on X. Then 

= -/i^^^y /(a,/3(a;))dA„(a;) 

= • fj^fd[aip^{Xu)] 

— > fy dXi (u) ■ f dp as i ^ 00 

= Ixf df^- 

□ 

By similar arguments we obtain the following result. 
Proposition 6.4 Suppose that aiuaf'^ e as i ^ 00 for all u £ U. Then as i ^ 00, 

aip*{v2) p<^ ajp*(z^i X V2) P- 
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Proof of corollary 

Using the results in Section 7.1] there exist an M-split torus A <Z G and a maximal compact 
subgroup K oi G such that the following holds: (1) a{a) = a~^, Va G A, (2) the set of real 
roots of A for the adjoint action on the Lie algebra of G forms a root system, and (3) G admits 
a decomposition G = KA^S, were A"*" denotes the closure of the positive Weyl chamber with 
respect to a system A of simple roots on A. 

Using this decomposition and by passing to a subsequence, without loss of generality we may 
assume the following: (1) gi = ai £ A~^ for all z € N; (2) {ajjjgN has no convergent subsequence, 
(because otherwise Gi = {e} and 7r(e) cannot be dense in L/A); and (3) for any a € A, either 
supjgpja(aj) < oo or a{ai) ^ oo as i — > oo. 



For the rest of the proof, consider the notation |5.1 . 

Let Gi be the smallest closed normal subgroup of G containing C/^ . Then it is straightforward 
to verify that the projection of {oj} on G/Gi is relatively compact. Therefore by our hypothesis, 
= L/A. 

Take any go G S and define p{h) = 7r{hgo) for all h G L. Since any closed connected normal 
subgroup of Gi is also normal in G, we can apply theorem to Gi in place of G and p in place 
of vr. Then for any probability measure on which is absolutely continuous with respect to 
a Haar measure on U~^, we have 

aip*{v) ^ PLi as i ^ oo. (12) 

Since a{a) = (Va G A)^ for any X G u+, we have (j{X) G u~ and X + (j{X) G s. Also 
^{l) =3- Now by equation ||, 

u~ 05 = u" e (5 n^) eu+. (13) 

Then by implicit function theorem, there exist relatively compact neighbourhoods 17^, fi*^, 17+ 
and <I> of e in U~ , {Z D S)U^ , and S, respectively, such that for any open set ^ of ^, we 
have that is an open subset of 17^17+. Also we may assume that under the multiplication 

map X $ ^ 0"$ and 17° x 0+ ^ 17°0+. 

Let z/_ and i^' be probability measures obtained by restricting Haar measures of U~ and S 
to and ^, respectively. Then A = x z/' is a smooth measure on 17^ x ^. By choosing 
^ small enough, we can ensure that /0*(z^') is a multiple of p,s restricted to p{^)- Since go & S 
chosen in the definition of p is arbitrary and since there is enough flexibility in the choices of $ 
and ^, to prove that aips ~^ PL, it is enough to show that aip^,{u') pi as i ^ oo. 

By proposition |6.4 as i ^ oo, aip^{u') pi if and only if aip^{\) — s- pi. Therefore to 
complete the proof of the corollary, it is enough to show the following. 

Claim 6.3 As i ^ oo, ajp*(A) p^. 

Since 17~^' C 17°17+, A can be treated as a measure on 17° x 17+. Let and 1^2 be the 
probability measures obtained by restricting the Haar measures on {Z n S)U~ and C/+ to 17° 
and 17+, respectively. Since A is a smooth measure, X <^ ui x 1^2 (see equation |^). Decompose 
A as in proposition |6.1| . Then for almost all lo G (17°, Ai), we have A^; <^ uJV2- Put = u'^X^^. 
Then <^ 1/2. Hence by equation ^, equation |l^, and proposition 5.2 , 



aiP*{^uj) = ai{'^P*{yu>)) PL as i ^ 00. 

Now by proposition |6.3| , aj7r*(A) ^ pL as i —>■ 00. This completes the proof of the claim, and 
also the proof of the corollary. □ 
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Continuous G-equivariant factors of G/ P x L/A 

First we recall the following result from [ p3| , Section 2]. 



Proposition 6.5 (Dani) Let G he a semisimple group with finite center and M-rank(G) > 2. 
Let P be a parabolic subgroup of G. Then given g G \ P , there exist /c S N (k < M-rank(G) ), 
elements gi,--- ,gk+i in G, and one-parameter unipotent subgroups {ui{t)}, . . . ,{uk{t)} of G 
contained in P such that the following holds: 

1. gi = g, gk P, and gu+i = e. 

2. For each i = 1, . . . ,k, 

Ui{t)giP — > gi+iP in G/P as t ^ oo. 



3. There exists a semisimple element a of G in gkPgk~^ such that ifU~^ is the associated 
horospherical subgroup then C guPOk^^ ^ P, and if Gi denotes the smallest normal 
subgroup of G containing , then M-rank(G/Gi) < 1. 



Proof. Apply |D3| , Corollary 2.3] iteratively. Also use the proofs of |D3| , Corollary 2.6 and 
Lemma 2.7]. □ 
Now we obtain the analogue of [D3, Lemma 1.4] by using theorem LI in place of [D3 , 
Lemma 1.1]. Also we use the recurrence conclusion of theorem 4.2 of Ratner in place of [DS, 
Lemma 1.6]. 



Proposition 6.6 Let the notation and assumptions be as in theorem Let x,y £ L/A and 
g G G\P. If (l){x,gP) = (j){y,P), then there exists a parabolic subgroup Q containing {g} U P 
such that (f){z,P) = (j){z,qP) for all z S Gx and q € Q. Moreover, (l){y,P) = (j){y,qP) for all 

qeQ. 

Proof. Let A; G N, elements gi,... ,gk+i in G, the one-parameter unipotent subgroups {ui{t)} 
contained in P, and a semisimple element a of G and the associated expanding horospherical 
subgroup be as in proposition |6.5| . For each i = 1, . . . , fc, by Ratner's theorem 4.2 applied 
to the diagonal action of {ui{t)} on L/A x L/A, there exists a sequence t„ — > oo such that 
{ui{tn)x,Ui{tn)y) {x,y) asn—^oo. Now for any i E {1,... ,A;}, 

4>{x,giP) = (i){y,P) => (j){ui{tn)x,Ui{tn)giP) = <i){ui{tn)y,P),^n G N. 

In the limit as n — > oo, we get (j){x, gi-^-iP) = (j){y,P). Since gi = g, by induction on i, we get 
that (j){x, giP) = (piy, P) for ah 1 < i < /c + 1. 
In particular, since gi^^i = e, 

<P{x,gkP) = Hy,P) = <P{x,P). 
Since F = {a" : n € N} • f7+ C gkPgk^^ C P, we have that 

^{fx,gkP) = Hfx,P),yfeR 
Let Gi be the smallest closed normal subgroup of G containing . Then by the choice 



of a as in Proposition 6.5, R-rank(G/Gi) < 1. Therefore by the hypothesis in theorem 1.2, 



Gix = Gx. By theorem L2, Gx is an orbit of a closed subgroup, say L', of L containing G, and 
the stabilizer of x in L', say A', is a lattice in L' . Applying theorem 1.1 to L' and A' in place of 
L and A, respectively, we conclude that Fx = Gx. Thus 



{z,gkP) =(l){z,P), yzeGix = Gx. 
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Put 



Q = {heG: (f){z, fhP) = (t>{z, fP), Vz G Gx and V/ G G}. (14) 

Then Q is a closed subgroup of G containing P U {gk}- Since gk P, 

Q^P (15) 

Now if (7 then replacing P by Q and L/A by Gx, we repeat the whole argument. Note 
that by definition the new set given by equation |l^ still turns out to be same as Q. This fact 



contradicts the new equation 15. This completes the proof. □ 



Proof of theorem [I] 

Define the equivalence relation 

R = {ix,y) G L/A x L/A : (j){x,gP) = (j){y,gP) for some g e G} 

on L/A. Clearly i? is a closed subset of L/A x L/A invariant under the diagonal action of G. 
Let X be the space of equivalence classes of R and let (pi : L/A — > X be the map taking any 
element of L/A to its equivalence class. Equip X with the quotient topology. Then X is a 
locally compact Hausdorff space. 
For any x G L/A, put 

Q{x) = {heG: (t>{x,gP) = H^,ghP), V5 G G}. 

Observe that Q{x) is a closed subgroup of G containing P and for any y G Gx, we have 
Q{y) D Q{x). Let G L/A such that Gxq = L/A and put Q = Q(xo). Then Q{y) D Q for ah 
y G L/A. Since Q is a parabolic subgroup of G, there are only finitely many closed subgroups 
of G containing Q. Therefore the set Xq := {x G L/A : Q{x) = Q} is open in L/A. Also Xq 
is nonempty and G- invariant. Now since G acts ergodically on L/A, the set L/A \ Xq is closed 
and nowhere dense. 

Note that for any x,y G L/A, if </>i(x) = (j)i{y) then by proposition |6.6| , we have that 
Q{x) = Qiy)- Let p : L/Ax G/P ^ X x G/Q be the (G-equivariant) map defined by p{x, gP) = 
{(j)i{x), gQ) for all x G L/A and g ^ G. Then there exists a uniquely defined map tp : XxG/Q ^ 
Y such that (p = o p. It is straightforward to verify that ip is continuous and G-equivariant. 

Take any x G Xq, y G L/A, and g,h & G such that (j){x,ghP) = (p{y,gP). Then 0i(y) = 
01 (x), and hence h G Q(y) = Q(2;) = Q. This proves that tp restricted to 4)i{Xq) x G/Q is 
injective and y G Xq. 

Now if y is a locally compact second countable space and (p is surjective, then using Baire's 
category theorem for Hausdorff locally compact second countable spaces, one can show that (p 
is an open map. This completes the proof of the theorem. □ 

Continuous G-equivariant factors of L/A 

Proof of theorem 

Define Ai = {/i G L : (p{ghA) = (p{gA), \/g G L}. Then Ai is a closed subgroup of L containing 



A. Since G-acts ergodically on L/A, Ad(A) is Zariski dense in Ad(L) (see [Shi, Theorem 2.3]). 



Therefore is a normal subgroup of L. Let A'^ be the largest subgroup of Ai which is normal 



in L. In view of LI (3), replacing Lhy L/A[, A by Ai/A[, and G by its image in L/A'^, without 
loss of generality we may assume that A'l = {e} and Ai = A. 
Define the equivalence relation 

R = {{x,y) G L/A X L/A : ^{x) = ^{y)} 
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on L/A. Then R is closed and A(G)-invariant, where A : L — > L x L denotes the diagonal 
embedding of L in L x L. 
Let 

K = {Te Aff(L/A) : iz,T{z)) G R and T{gz) = gT{z), Vz G L/A, G G} 

and 

Xi = {xGL/A:Gx = L/A}. 
Note that Xi 7^ 0, since G acts ergodically on L/A. 

Claim 6.4 Let {x,y) G i?. If x ^ Xi, then y G ATi and there exists t ^ K such that y = t{x). 

The claim is proved as follows. Since A(G) is generated by one-parameter unipotent sub- 
groups of L X L, by Ratner's theorem ^]2| there exists a closed subgroup F oi L x L containing 

A(G) such that 

A(G)-(x,2/) =F-(x,y) 

and F ■ {x, y) admits an F-invariant probability measure, say A. 

Let Pi : L X L ^ L denote the projection on the i-th coordinate, where i = 1,2. Then 
(tt o Pi)*{X) is a pi(F)-invariant probability measure on pi{F)x. Hence the orbit pi{F)x is 
closed (see theorem 1.13]). Since G C pi{F) and Gx = L/A, we have that pi{F) = L. Let 
-^1 = Pii^^ l~l ker(p2))- Then A^i is a normal subgroup of pi{F) = L and {Niz,w) C R for all 
{z,w) G F ■ Therefore A^i C A'^ = {e}. Thus F n ker(p2) = A''i x {e} = {e}. Now since 

Pi{F) = L and P2\f is injective, dim(p2(-^)) = dim(L). Since L is connected, P2{F) = L. Thus 
P2\f is an isomorphism. 

Now Gy D p2{F)y = L/A. Hence y G Xi. Now interchanging the roles of x and y in 
the above argument, we conclude that Pi\f is an isomorphism. Let a = p2 o {pi\f)^^- Then 
a G Aut(L) and 

F = {{g,a{g))(^LxL:g(^L}. 

Thus {gx,a{g)y) G R for all g & L. Now for any 5 G L, if 5x = x, then (gx,a{g)a{5)y) G R 
for all g L. Let h € L such that y = /lA. Then (j){a{g)hA) = (l){a{g)a{5)hA) for all g ^ L. 
Since a{L)h = L, we conclude that h~^a{6)h G Ai. Now since Ai = A, we have that (j{5)y = y. 
Therefore the map r : L/A L/A, given by T{gx) = cr{g)y for all (7 G L, is well defined and 
r G Aff(L/A). 

Therefore 

F-{x,y) = {{z,T{z)):zeL/A}. 

Since A(G) C F, we have that (j{g) = g and hence T{gz) = gz, for all g ^ G. Thus r G -fC, and 
the proof of the claim is complete. 



Claim 6.5 The group K is compact. 



We prove the claim as follows. Clearly, K is a closed subset of Aff(L/A), and hence it is 
locally compact. Let m denote the L-invariant probability measure on L/A. Then fj,L{Xi) = 1. 
For any x G Xi, if y G K ■ x then (x, y) G R, and by claim 5A there exists t ^ K such that 
y = t{x). Thus K ■ x is closed for all x G Xi. Therefore by Hedlund's Lemma and the ergodic 
decomposition of hl with respect to the action oi K on L/A, we have that almost all X-ergodic 
components are supported on closed ii'-orbits. Thus for almost all x G L/A, the orbit K ■ x 
supports a i^-invariant probability measure. 

For any x G L/A, put Kx = {r G K : t(x) = x}. Let ^ : K/K^ — > L/A be the map defined 
by £^{tKx) = t{x) for all t (z K. Since Aff(L/A) acts continuously on L/A, we have that ^ is a 
continuous injective if-equi variant map. Let a; G Xi be such that K ■ x supports a iC- invariant 
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probability measure. Since ^ is injective, the measure can be lifted to a ii'-invariant probability 
measure on K/Kx- Let r G K^- Then for any g £ G, we have T{gx) = gT{x) = gx. Now 
since Gx = L/A, we have that r(y) = y for all y € L/A. Hence is the trivial subgroup of 
Aff(L/A). Thus K admits a finite Haar measure. Hence is a compact group, and the claim 
is proved. 

Let Q be any neighbourhood of e in Zl{G). Put 

R' = {{x,y) eR:y^K- Qx}. 

Let Xc be the closure of the projection of R' on the first factor of L/A x L/A. Put Xq = 
{L/A)\X,. 



Claim 6.6 Xi d Xq. 



Suppose the claim does not hold. Then there exists a sequence {{xi^yi)} C R' converging 



to (x,y) S R with x € Xi. By claim jA, there exists t ^ K such that y = t{x). Therefore, 
after passing to a subsequence, there exists a sequence (7j — > e in L such that yi = T^giXi) for 
aU i G N. By the definition of R' , gi ^ Q C Zl{G) for all i G N. Also {xi,giXi) G R for all 



i G N. By Ratner's theorem 4.2, there exits a A(G)-invariant A(G)-ergodic probability measure 



on {L/A) X {L/A) such that A(G)(xj, gjXj) = supp(/ij). Let /ij — > e be a sequence in L such 
that Xi = hiX for all i G N. By theorem [4.3| , after passing to a subsequence, there exists a 
probability measure ^ on L/A x L/A such that /^j — > as i — > oo, and the following holds: 
supp(/i) = F ■ {x,x), where F is a closed subgroup of L x L, and 

{hr\hr^gr^)A{G){h^,gih^) CF, Vi G N. (16) 

In particular, F ■ {x,x) C R and A(G) C F. Since x G Xi, we have that F D A(L). By an 
argument as in the proof of clai m |6.4| , we conclude that -Fnker(pj) = {e} for i = 1, 2. Therefore 
F = A(L). Hence from equation |l6| we conclude that gi G Zl{G), which is a contradiction. This 
completes the proof of the claim, and the proof of the theorem. □ 
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Note added in the proof: Equidistributions of translates of measures is also considered in a 
recent preprint (later published as |EMM]) "Upper bounds and asymptotics in a quantitative 
version of the Oppenheim conjecture" of A Eskin, G A Margulis and S Mozes. In the context of 
the preprint it seems worthwhile to remark that the method in the present paper can be used 
to obtain 'uniform versions' of theorem 1.4 and corollary 1.2, as done in the above mentioned 
paper, for certain results. 
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